Abstract. We show that two Dehn surgeries on a knot K never yield manifolds that are homeomorphic as oriented manifolds if V K (1) = 0 or V K (1) = 0. As an application, we verify the cosmetic surgery conjecture for all knots with no more than 11 crossings except for three 10-crossing knots and five 11-crossing knots. We also compute the finite type invariant of order 3 for two-bridge knots and Whitehead doubles, from which we prove several nonexistence results of purely cosmetic surgery.
Introduction
Dehn surgery is an operation to modify a three-manifold by drilling and then regluing a solid torus. Denote by Y r (K) the resulting three-manifold via Dehn surgery on a knot K in Y along a slope r. Two Dehn surgeries along K with distinct slopes r and r are called purely cosmetic if Y r (K) ∼ = Y r (K) as oriented manifolds. In Gordon's 1990 ICM talk [6, Conjecture 6 .1] and Kirby's Problem List [11, Problem 1.81 A], it is conjectured that two surgeries on inequivalent slopes are never purely cosmetic. We shall refer to this as the cosmetic surgery conjecture.
In the present paper we study purely cosmetic surgeries along knots in the three-sphere S 3 . We show that for most knots K in S 3 , S 3 r (K) S 3 r (K) as oriented manifolds for distinct slopes r, r . More precisely, our main result gives a sufficient condition for a knot K that admits no purely cosmetic surgery in terms of its Jones polynomial V K (t). Theorem 1.1. If a knot K has either V K (1) = 0 or V K (1) = 0, then S 3 r (K) S 3 r (K) for any two distinct slopes r and r . Remark 1.3. In [22] , Ozsváth and Szabó gave the example of K = 9 44 , which is a genus two knot with τ (K) = 0 and ∆ K (1) = 0. Moreover, S 3 1 (K) and S 3 −1 (K) have the same Heegaard Floer homology, so no Heegaard Floer type invariant can distinguish these two surgeries. This example shows that Theorem 1.1 and those criteria from Heegaard Floer theory are independent and complementary.
The essential new ingredient in this paper is a surgery formula by Lescop, which involves a knot invariant w 3 that satisfies a crossing change formula [16, Section 7] . We will show that w 3 is actually the same as (1) . Meanwhile, we also observe that w 3 is a finite type invariant of order 3. This enables us to reformulate Theorem 1.1 in term of the finite type invariants of the knot (Theorem 3.5).
As another application of Theorem 1.1, we prove the nonexistence of purely cosmetic surgery on certain families of two-bridge knots and Whitehead doubles. Along the way, an explicit closed formula for the canonically normalized finite type knot invariant of order 3
is derived for two-bridge knots in Conway forms K b 1 ,c 1 ,··· ,bm,cm in Proposition 4.4, which could be of independent interest.
The remaining part of this paper is organized as follows. In Section 2, we review background and properties of Jones polynomial, and prove crossing change formulae for derivatives of Jones polynomial. In Section 3, we define an invariant λ 2 for rational homology spheres and then use Lescop's surgery formula to prove Theorem 1.1. In Section 4 and Section 5, we study in more detail cosmetic surgeries along two-bridge knots and Whitehead doubles.
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Derivatives of Jones polynomial
is a skein triple of links as depicted in Figure 1 .
ositive knots and Gauß sums ion 2.1 The writhe is a number (±1), assigned to any crossing in a link diag gure 1(a), has writhe 1 and is called positive. A crossing as on figure 1(b), ha d negative. A crossing is smoothed out by replacing it by the fragment on fi s the number of components of the link). A crossing as on figure 1(a) and 1( larity (double point) by replacing it by the fragment on figure 1(d) . A m-sing with m crossings smashed. A m-singular knot is an immersion prepresented . [FS, PV] the concept of Gauß sum invariants. As they will be the main tool gations, we summarize for the benefit of the reader the basic points of this the ion 2.3 ([Fi3, PV]) A Gauß diagram (GD) of a knot diagram is an oriented c ting points on it mapped to a crossing and oriented from the preimage of the image of the overcrossing. See figure 2.
Recall that the Jones polynomial satisfies the skein relation
, and the Conway polynomial satisfies the skein relation
The normalized Alexander polynomial ∆ L (t) is obtained by substituting z = t 1/2 − t −1/2 into the Conway polynomial.
For a knot K, denote a 2 (K) the z 2 -term of the Conway polynomial ∇ K (z). It is not hard to see that ∆ K (1) = 2a 2 (K). If one differentiates Equations (1) and (2) twice and compares the corresponding terms, one can also show that V K (1) = −6a 2 (K). See [17] for details. In summary, we have:
In [16] , Lescop defined an invariant w 3 for a knot K in a homology sphere Y . When Y = S 3 , the knot invariant w 3 satisfies a crossing change formula 
Proof. The main argument essentially follows from Nikkuni [19, Proposition 4.2] . We prove the lemma by showing that
satisfies an identical crossing change formula as Equation (3) . To this end, we differentiate the skein formula for the Jones polynomial (1) three times and evaluate at t = 1. Abbreviating the Jones polynomial of the skein triple
, V − (t) and V 0 (t), respectively, we obtain
The terms on the right hand side can be expressed as
Here, (a) and (d) are well-known; (b),(c),(e) and (f) are proved by Murakami [17] . 1 After doing substitution and simplification, we have
Meanwhile, it follows from (2) and Hoste [8, Theorem 1] that
This enables us to further simplify
and reduce it to the same expression as the right hand side of (3). As
1 Murakami uses a different skein relation for the Jones polynomial, thus (e) and (f) differ by certain signs from the formula in [17] .
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We conclude the section by remarking that both Lemma 2.1 and Lemma 2.2 can be seen in a simpler way from a more natural perspective. A knot invariant v is called a finite type invariant of order n if it can be extended to an invariant of singular knots via a skein relation
where K is the knot with a transverse double point (See Figure 2) , while v vanishes for all singular knots with (n + 1) singularities.
is a number (±1), assigned to any crossing in a link diagram. A crossing e 1 and is called positive. A crossing as on figure 1(b), has writhe −1 and ing is smoothed out by replacing it by the fragment on figure 1(c) (which ponents of the link). A crossing as on figure 1(a) and 1(b) is smashed to by replacing it by the fragment on figure 1(d). A m-singular diagram is a mashed. A m-singular knot is an immersion prepresented by a m-singular Figure 1 lled positive, if it has a positive diagram, i. e. a diagram with all crossings t of Gauß sum invariants. As they will be the main tool of all the further ize for the benefit of the reader the basic points of this theory.
A Gauß diagram (GD) of a knot diagram is an oriented circle with arrows ped to a crossing and oriented from the preimage of the undercrossing to ssing. See figure 2. It follows readily from the definition that the set of finite type invariant of order 0 consists of all constant functions. One can also show that a 2 (K) and V K (1) are finite type invariants of order 2, while w 3 (K) and V K (1) are finite type invariants of order 3. As the dimension of the set of all finite type invariants of order ≤ 2 and ≤ 3 are two and three, respectively (see, e.g., [2] ), there has to be a linear dependence among the above knot invariants, from which one can easily deduce Lemma 2.1 and Lemma 2.2. In fact, if we denote v 2 and v 3 the finite type invariants of order 2 and 3 respectively normalized by the conditions that v 2 (m(K)) = v 2 (K) and v 3 (m(K)) = −v 3 (K) for any knot K and its mirror image m(K) and that v 2 (3 1 ) = v 3 (3 1 ) = 1 for the right hand trefoil 3 1 , then it is not difficult to see that
Lescop invariant and cosmetic surgery
The goal of this section is to prove Theorem 1. Theorem 3.1. Suppose K is a nontrivial knot in S 3 , r, r ∈ Q ∪ {∞} are two distinct slopes such that S 3 r (K) ∼ = S 3 r (K) as oriented manifolds. Then the following assertions are true:
where τ is the concordance invariant defined by Ozsváth-Szabó [21] and Rasmussen [23] .
Our new input for the cosmetic surgery problem is Lescop's λ 2 invariant which, roughly speaking, is the degree 2 part of the Kontsevich-Kuperberg-Thurston invariant of rational homology spheres [16] . Like the famous Le-Murakami-Ohtsuki invariant, the Kontsevich-KuperbergThurston invariant is universal among finite type invariants for homology spheres [13] [14] [15] . See also Ohtsuki [20] for the connection to perturbative and quantum invariants of three-manifolds.
We briefly review the construction. A Jacobi diagram is a graph without simple loop whose vertices all have valency 3. The degree of a Jacobi diagram is defined to be half of the total number of vertices of the diagram. If we denote by A n the vector space generated by degree n Jacobi diagrams subject to certain equivalent relations AS and IHX, then the degree n part Z n of the Kontsevich-Kuperberg-Thurston invariant takes its value in A n .
Example 3.2. Simple argument in combinatorics implies that
• A 1 is an 1-dimensional vector space generated by the Jacobi diagram • A 2 is a 2-dimensional vector space generated by the Jacobi diagrams and
Many interesting real invariants of rational homology spheres can be recovered from the Kontsevich-Kuperberg-Thurston invariant Z by composing a linear form on the space of Jacobi diagrams. In the simplest case, the Casson-Walker invariant
We shall concentrate on the case of the degree 2 invariant λ 2 = W 2 • Z 2 , where W 2 ( ) = 1 and W 2 ( ) = 0. The following surgery formula for λ 2 is proved by Lescop and will play a central role in the proof of our main result. 
Here, a 2 (K) is the z 2 -coefficient of ∇ K (z), and L(p, q) is the lens space obtained by p/q surgery on the unknot.
2 Then w 3 (K) is a knot invariant, which was shown earlier in Lemma 2.2 to be equal to
The terms λ 2 (K) and c(q/p) are both explicitly defined in [16] , but they will not be needed for our purpose. For the moment, we make the following simple observation. Proposition 3.4. Suppose K is a knot in S 3 with a 2 (K) = 0, and p, q are nonzero integers satisfying
Proof. We apply the surgery formula in Theorem 3.3. Note that the first and third terms of the right hand side are clearly equal for p/q and −p/q surgery. Next, recall the well-known theorem that two lens spaces L(p, q 1 ) and L(p, q 2 ) are equivalent up to orientation-preserving homeomorphisms if and only if q 1 ≡ q ±1 2 (mod p). In particular, this implies the lens spaces 2 We use a different sign convention of lens spaces from Lescop's original paper.
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L(p, q) ∼ = L(p, −q) as oriented manifolds if q 2 ≡ −1 ( mod p), so their λ 2 invariants are obviously the same. Consequently,
and the statement follows readily.
Proof of Theorem 1.1. In light of Theorem 3.1, we only need to consider the case when ∆ K (1) = 0 and q 2 ≡ −1 (mod p), for otherwise, the pair of manifolds S 3 p/q (K) and S 3 −p/q (K) will be non-homeomorphic as oriented manifolds. Thus V K (1) = −3∆ K (1) = 0. If we now assume V K (1) = 0, then Lemma 2.2 implies that w 3 (K) = 0. We can then apply Proposition 3.4 and conclude that
Given (5) and (6), Theorem 1.1 can be stated in the following equivalent way, which is particularly useful in the case where it is easier to calculate the finite type invariant v 3 (or equivalently w 3 ) than the Jones polynomial. 
Examples of two-bridge knots
In this section, we derive an explicit formula for v 3 and use it to study the cosmetic surgery problem for two-bridge knots. Following the presentation of [10, Section 2.1], we sketch the basic properties and notations for two-bridge knots.
Every two-bridge knot can be represented by a rational number −1 < α β < 1 for some odd integer α and even integer β. If we write this number as a continued fraction with even entries and of even length
for some nonzero integers b i 's and c i 's, 3 then we obtain the Conway form C(2b 1 , 2c 1 , · · · , 2b m , 2c m ) of the two-bridge knot, which is a special knot diagram as depicted in Figure 3 . We will write K b 1 ,c 1 ,··· ,bm,cm for the knot of Conway form C(2b 1 , 2c 1 , · · · , 2b m , 2c m ). The genus of K b 1 ,c 1 ,··· ,bm,cm is m; and conversely, every two-bridge knot of genus m has such a representation.
3 Such a representation always exists by elementary number theory. Figure  3 . This is the knot diagram of the Conway form C(2b 1 , 2c 1 , · · · , 2b m , 2c m ) of a two bridge knot. In the figure, there are |b i | positive (resp. negative) full-twists if b i > 0 (resp b i < 0), and there are |c j | negative (resp. positive) full-twists if c j > 0 (resp. c j < 0) for 1 ≤ i, j ≤ n. 
The above formula can be proved by recursively applying Equation (4). The similar idea can be used to find an analogous formula for w 3 , which is the main task of the next few lemmas.
Lemma 4.2. The invariant w 3 satisfies the recursive formula
Proof. This follows from a direct application of the crossing change formula (3) at the rightmost crossing in Figure 3 , and the observation that both K ′ and K ′′ are the unknot with lk(
Lemma 4.3. The invariant w 3 satisfies the recursive formula
Proof. We first prove the lemma for c m > 0. We repeatedly apply Lemma 4.2 until x is reduced to 0. Note that the knot K b 1 ,c 1 ,··· ,bm,0 can be isotoped to K b 1 ,c 1 ,··· ,b m−1 ,c m−1 by untwisting the far-right b m full twists. Therefore, Figure  3 . This is the knot diagram of the Conway form C(2b 1 , 2c 1 , · · · , 2b m , 2c m ) of a two bridge knot. In the figure, there are |b i | positive (resp. negative) full-twists if b i > 0 (resp b i < 0), and there are |c j | negative (resp. positive) full-twists if c j > 0 (resp. c j < 0) for 1 ≤ i, j ≤ n. 
Proof. This follows from a direct application of the crossing change formula (3) at the rightmost crossing in Figure 3 , and the observation that both K and K are the unknot with lk(
Proof. We first prove the lemma for c m > 0. We repeatedly apply Lemma 4.2 until x is reduced to 0. Note that the knot K b 1 ,c 1 ,··· ,bm,0 can be isotoped to K b 1 ,c 1 ,··· ,b m−1 ,c m−1 by untwisting the far-right b m full twists. Therefore,
Now, the lemma follows from substituting
which is an immediate corollary of Proposition 4.1.
The case when c m < 0 is proved analogously.
Finally, applying Lemma 4.3 and induction on m, we obtain an explicit formula for w 3 , and consequently also for v 3 .
Proposition 4.4.
Proof. We use induction on m. For the base case m = 1, Lemma 4.3 readily implies that
Next we prove that if the formula holds for K b 1 ,c 1 ,··· ,b m−1 ,c m−1 , then it also holds for K b 1 ,c 1 ,··· ,bm,cm . It suffices to show that
The above identity can be verified from tedious yet elementary algebra. We omit the computation here.
KAZUHIRO ICHIHARA AND ZHONGTAO WU
For the rest of the section, we apply Theorem 3.5 and Proposition 4.4 to study the cosmetic surgery problems for the two-bridge knots of genus 2 and 3, which correspond to the Conway form K b 1 ,c 1 ,b 2 ,c 2 and K b 1 ,c 1 ,b 2 ,c 2 ,b 3 ,c 3 , respectively. Note that the cosmetic surgery conjecture for genus one knot is already settled by Wang [25] .
Corollary 4.5. If a genus 2 two-bridge knot K b 1 ,c 1 ,b 2 ,c 2 is not of the form K x,y,−x−y,x for some integers x, y, then it does not admit purely cosmetic surgeries.
Proof. Suppose there are purely cosmetic surgeries for the knot K b 1 ,c 1 ,b 2 ,c 2 . Theorem 3.5 implies that
and
= 0, where the formula for a 2 and v 3 follows from Proposition 4.1 and Proposition 4.4, respectively. From Equation (7), we see c 2 (b 1 + b 2 ) = −b 1 c 1 and b 1 (c 1 + c 2 ) = −b 2 c 2 , which was then substituted into the second and the third terms of Equation (8), and gives
Hence, b 1 = c 2 . Plugging this identity back to Equation (7), we see b 1 + b 2 + c 1 = 0. As a result, the two-bridge knot K b 1 ,c 1 ,b 2 ,c 2 can be written as K x,y,−x−y,x for some integers x and y.
We can perform a similar computation for a genus 3 two-bridge knot
). In particular, we see v 3 (K x,1,−x,x,1,−x ) = −x = 0. Consequently, Theorem 3.5 implies Corollary 4.6. The family of two-bridge knots K x,1,−x,x,1,−x does not admit purely cosmetic surgeries. Remark 4.7. As explained in [9] , both ∆ K (1) and τ (K) are 0 for the knot K x,1,−x,x,1,−x . Hence, purely cosmetic surgery could not be ruled out by previously known results from Theorem 3.1.
Examples of Whitehead doubles
We are devoted to D + (K, n) in this section, where D + (K, n) denotes the satellite of K for which the pattern is a positive-clasped twist knot with n twists. The knot D + (K, n) is called the positive n-twisted Whitehead double of a knot K. See Figure 4 for an illustration.
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We are devoted to D + (K, n) in this section, where D + (K, n) denotes the satellite of K for which the pattern is a positive-clasped twist knot with n twists. The knot D + (K, n) is called the positive n-twisted Whitehead double of a knot K. See Figure 4 for an illustration. In particular, for the untwisted Whitehead doubles D + (K, 0),
Proof. We apply the crossing change formula (3) at either one of the crossings of the clasps. Note that K + = D + (K, n), K − is the unknot, and K ′ = K ′′ = K. The classical formula for the Alexander polynomial of a satellite knot implies that ∆ D + (K,n) (t) = −nt + (2n + 1) − nt −1 , from which we compute a 2 (D + (K, n)) = 1 2 ∆ ′′ D + (K,n) (1) = −n. Also observe that lk(K ′ , K ′′ ) = −n. Therefore, In particular, for the untwisted Whitehead doubles D + (K, 0),
Proof. We apply the crossing change formula (3) at either one of the crossings of the clasps. Note that K + = D + (K, n), K − is the unknot, and K = K = K. The classical formula for the Alexander polynomial of a satellite knot implies that ∆ D + (K,n) (t) = −nt + (2n + 1) − nt −1 , from which we compute a 2 (D + (K, n)) = 1 2 ∆ D + (K,n) (1) = −n.
Also observe that lk(K , K ) = −n. Therefore, w 3 (D + (K, n)) = a 2 (K) − −n + n 2 4 , and so v 3 (D + (K, n)) = −2a 2 (K) + −n + n 2 2 .
Since the invariant a 2 (D + (K, n)) = −n, the Whitehead double D + (K, n) does not admit purely cosmetic surgeries if n = 0. When n = 0, Proposition 5.1 gives v 3 (D + (K, n)) = −2a 2 (K). Hence, Theorem 3.5 immediately implies the following corollary. 
